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Abstract
Assuming a static and spherically symmetric spacetime, we propose a novel concept of the total
deflection angle of a light ray. The concept is defined by the difference between the sum of internal
angles of two triangles; one of the triangles lies on curved spacetime distorted by a gravitating
body and the other on its background. The triangle required to define the total deflection angle
can be realized by setting three laser-beam baselines as in planned space missions such as LATOR,
ASTROD-GW, and LISA. Accordingly, the new total deflection angle is, in principle, measurable
by gauging the internal angles of the triangles. The new definition of the total deflection angle
can provide a geometrically and intuitively clear interpretation. Two formulas are proposed to
calculate the total deflection angle on the basis of the Gauss–Bonnet theorem. It is shown that in
the case of the Schwarzschild spacetime, the expression for the total deflection angle αSch reduces
to Epstein–Shapiro’s formula when the source of a light ray and the observer are located in an
asymptotically flat region. Additionally, in the case of the Schwarzschild–de Sitter spacetime, the
expression for the total deflection angle αSdS comprises the Schwarzschild-like parts and coupling
terms of the central mass m and the cosmological constant Λ in the form of O(Λm) instead of
O(Λ/m). Furthermore, αSdS does not include the terms characterized only by the cosmological
constant Λ.
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I. INTRODUCTION
Generally, the cosmological constant Λ, or dark energy, is considered a promising candi-
date that can explain the accelerating expansion of the universe [1–3]. Although intensive
studies have been performed for solving the mystery surrounding the cosmological con-
stant/dark energy from both the theoretical and observational viewpoints, definitive direct
evidence has not been obtained.
Because the structure of spacetime (the form of the metric gµν) depends on the existence
of the cosmological constant Λ, the evidence of the existence of the cosmological constant
may be detected using the classical tests of general relativity, such as the observation of light
deflection and the perihelion/periastron advance. Especially, light deflection is the basis of
gravitational lensing which is a powerful tool in astrophysics and cosmology; for more details,
see [4, 5] and the references therein. Therefore, gravitational lensing may prove the existence
of the cosmological constant.
Thus far, the influence of the cosmological constant on light deflection has been studied
in various ways, including whether the cosmological constant contributes to light deflection.
Historically, Islam [6] first mentioned that light trajectory is independent of the cosmological
constant Λ because the second-order differential equation of the light ray does not include
Λ. Therefore, it was considered for a long time that Λ did not contribute to light deflection.
However, in 2007, Rindler and Ishak [7] indicated that Λ affects the bending of a light ray,
by using the invariant cosine formula under the Schwarzschild–de Sitter/Kottler solution.
Starting with this paper [7], many authors intensively discussed its appearance in diverse
ways; see [8] for a review article, and also see [9–20] and the references therein.
Despite intensive research in the past, a definitive conclusion has not been drawn, mainly
because of the following reasons:
• Unlike the Schwarzschild spacetime, the spacetime does not become asymptotically flat
because of the cosmological constant Λ. Accordingly, we cannot apply the standard
procedure, which is described in many textbooks and literature, for calculating the
total deflection angle.
• [7] indicated that to calculate the angle in curved spacetime, one must focus on not
only the equation of light trajectory but also the metric (ruler) of spacetime. However,
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in many studies, only the equation of light trajectory was considered when discussing
the total deflection angle.
• It is still not clear what is the total deflection angle and how it should be defined in
curved spacetime.
Especially, the third reason above seems to be an essential problem that makes it difficult to
clarify the contribution of the cosmological constant to total deflection angle. To overcome
this difficulty, some authors applied the the Gauss–Bonnet theorem [21–25]. Although the
Gauss–Bonnet theorem might help in solving the problem of the total deflection angle, it
has still not been resolved and thus further consideration is necessary.
This study aims to provide a renewed method to solve the problem of total deflection
angle and reveal the influence of the cosmological constant on light deflection. To this end,
by assuming a static and spherically symmetric spacetime, we propose a new concept of
the total deflection angle of a light ray; the concept is realized by considering the difference
between the sum of internal angles of two triangles; one exists in curved spacetime distorted
by a gravitating body and the other in its background. This concept of the total deflection
angle is inspired by space missions including LATOR [26], ASTROD-GW [27], and LISA
[28], which set three laser-beams baselines in the space; accordingly, the new total deflection
angle could be measured, in principle, by gauging the internal angle of each triangle. The
new total deflection angle is geometrically and intuitively clear to interpret. To calculate
the total deflection angle, we develop two formulas using the Gauss–Bonnet theorem.
This paper is outlined as follows. Section II introduces the optical metric that is con-
sidered the Riemannian geometry of light rays. Section III summarizes the Gauss–Bonnet
theorem. Section IV proposes a new concept and definition of the total deflection angle
and presents two formulas to calculate the total deflection angle. In Sections V and VI,
we apply the two formulas to compute the total deflection angle in the Schwarzschild and
Schwarzschild–de Sitter spacetimes, respectively. Finally, conclusions are drawn in Section
VII.
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II. OPTICAL METRIC
We assume the following static and spherically symmetric spacetime:
ds2 = gµνdx
µdxν
= −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)
where gµν denotes the metric tensor of spacetime whose signature is denoted by ηµν =
diag(− : + : + : +); f(r) denotes a function of the radial coordinate r, Greek indices e.g.,
µ, ν, range from 0 to 3, and we choose the geometrical unit c = G = 1 throughout this
paper. Because of the spherical symmetry, we consider the equatorial plane θ = π/2, dθ = 0
as the orbital plane of the light rays. One has
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dφ2. (2)
Two constants of motion, energy E and angular momentum L, are expressed as
E = f(r)
dt
dλ
, L = r2
dφ
dλ
, (3)
where λ denotes an affine parameter. Furthermore, the impact parameter b is introduced as
b ≡ L
E
. (4)
Using the null condition ds2 = 0, we introduce the optical metric g¯ij, which is considered
the Riemannian geometry experienced by light rays. One has
dt2 ≡ g¯ijdxidxj =
(
gij
g00
)
dxidxj
= g¯rrdr
2 + g¯φφdφ
2
=
1
[f(r)]2
dr2 +
r2
f(r)
dφ2, (5)
where Latin indices, e.g., i, j, assume the values of i, j = 1, 2, which correspond to 1 = r
and 2 = φ, respectively. Hereafter, in accordance with [29], we refer to the geometry defined
by the optical metric g¯ij as the optical reference geometry Mopt.
Notably, on the optical reference geometry Mopt, it is observed from Eq. (5) that the
time coordinate t plays the role of an arc length parameter because∫ t2
t1
dt =
∫ t2
t1
√
g¯rr(kr)2 + g¯φφ(kφ)2dt = t2 − t1, (6)
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where ki = dxi/dt denotes the unit tangent vector along the path of the light ray on Mopt,
and it satisfies 1 = g¯ijk
ikj from Eq. (5). The property given in Eq. (6) is appropriate for
application to the Gauss–Bonnet theorem later.
Let us summarize some important properties of the optical metric g¯µν . If considering
the slice of constant time t of the spacetime Eq. (2), the spatial part of the metric gij is
described as
dℓ2 ≡ gijdxidxj
= grrdr
2 + gφφdφ
2
=
dr2
f(r)
+ r2dφ2. (7)
Two metrics, Eqs. (5) and (7), are connected by the conformal transformation (conformal
mapping) as
g¯ij = ω
2(x)gij, ω
2(x) =
1
f(r)
, (8)
or more generally,
g¯µν = ω
2(x)gµν , (9)
where ω2(x) denotes the conformal factor. Because the conformal transformation preserves
the angle of the point at which the two curves intersect, the angles remain the same in both
g¯ij and gij. However, the conformal transformation rescales the coordinate value. Moreover,
the null geodesic does not change its form upon performing the conformal transformation
because of the null condition ds2 = 0; see Appendix G in [30].
III. GAUSS–BONNET THEOREM
In the optical reference geometryMopt given by the metric g¯ij , (see Eq. (5)), we consider
an n-vertex polygon Σn, which is orientable and bounded by n smooth and piecewise regular
curves Cp (p = 1, 2, · · · , n) (see FIG. 1). The (local) Gauss–Bonnet theorem is expressed as
described in, e.g., on p. 139 in [31], p. 170 in [32], and p. 272 in [33], as follows:
∫∫
Σn
Kdσ +
n∑
p=1
∫
Cp
κgdt+
n∑
p=1
θp = 2π, (10)
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where an arc length parameter is denoted by t instead of s (see Eq. (6)), and an arc length
parameter t moves along the curve Cp in such a manner that a polygon Σ
n stays on the
left side; θp denotes the external angle at the p-th vertex, and θp is determined as the sense
leaving the internal angle on the left. K denotes the Gaussian curvature as defined in, e.g.,
FIG. 1: Gauss–Bonnet theorem. A polygon Σn is bounded by curves C1, C2, · · · , Cn, and the
external angles of polygon Σn are denoted by θp (p = 1, 2, · · · , n).
p. 147 of [32]
K = − 1√
g¯rrg¯φφ
[
∂
∂r
(
1√
g¯rr
∂
√
g¯φφ
∂r
)
+
∂
∂φ
(
1√
g¯φφ
∂
√
g¯rr
∂φ
)]
, (11)
which represents the manner in which the spacetime is curved, and dσ =√| det(g¯ij)|dx1dx2 = √| det(g¯ij)|drdφ denotes an areal element. The term κg denotes the
geodesic curvature along curve Cp, e.g., on p. 256 in [33]
κg =
1
2
√
g¯rrg¯φφ
(
∂g¯φφ
∂r
dφ
dt
− ∂g¯rr
∂φ
dr
dt
)
+
dΦ
dt
, (12)
where Φ denotes the angle between the radial unit vector eir along radial geodesics and the
tangent vector ki = dxi/dt of curve Cp. The term κg characterizes the extent to which curve
Cp deviates from the geodesic. Accordingly, if curve Cp is the geodesic, κg = 0.
IV. NEW CONCEPT OF THE TOTAL DEFLECTION ANGLE
We propose a new concept of the total deflection angle α. Intuitively, the total deflection
angle of a light ray is the change in the direction of light ray in the presence and absence of a
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gravitating body. However, the metric of spacetime is different in the presence and absence of
gravitating body, thus each null geodesic essentially exists in a distinct spacetime determined
by a different metric (ruler); for instance, in the case of the Schwarzschild spacetime, one null
geodesic lies on curved spacetime (curved ruler), while the another exists in flat spacetime
(flat ruler). Therefore, it becomes difficult to compare two null geodesics with each other
in the same spacetime (same ruler). As an exception, the total deflection angle can be
obtained only when both observer R and light source S are placed in asymptotically flat
regions, owing to the Euclidean parallel postulate, which enables us to determine the angle
at a distant point from the angle of any point P , such as the corresponding angle and the
alternate angle. Notably, the total deflection angle in the Schwarzschild spacetime can be
obtained as the twice of angle ψP at P , i.e., α = 2ψP , where P denotes the light source S or
observer R. However, in a curved spacetime or region, the parallel postulate does not hold,
and thus α 6= 2ψP .
However, even in curved spacetime, the internal angles of polygon Σn can be measured
by using the equipment mounted on the spacecrafts located at each vertex. Accordingly,
the sum of the internal angles of polygon Σn can be calculated. Because the sum of the
internal angles of the polygon depends on the curvature of the spacetime, one might consider
the difference between the sum of internal angles of two polygons that placed in distinct
spacetimes. Therefore, we define the renewed total deflection angle α as the difference
between the sums of the internal angles of two polygons.
To feasibly realize the above-mentioned concept of total deflection angle, we construct
triangle Σ3 on the optical reference geometry Mopt; the triangle is bounded by three null
geodesics Γ1, Γ2, and Γ3. Practically, these three null geodesics can be substantiated by three
laser-beam baselines that connect three spacecrafts, or two spacecrafts and International
Space Station/ground station on the Earth, as in planned missions, e.g., LATOR, ASTROD-
GW, and LISA. For more details, see FIG. 2, wherein R, M , and S denote the triangle
vertexes where the satellites or ISS/ground stations are located. We denote the impact
parameters of three null geodesics Γ1, Γ2, and Γ3 by b1, b2, and b3, respectively. For simplicity,
we arrange triangle Σ3 such that the angular coordinates φ at the closest approach of Γ1,
Γ2, and Γ3 correspond to φ = π/2, φ = π/2 − δ2, and φ = π/2 + δ3, respectively. ΓR, ΓM ,
and ΓS represent the radial null geodesics that connect the center O and three points R, M ,
and S, respectively.
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FIG. 2: Configuration of triangle Σ3. A triangle Σ3 is bounded by three null geodesics, Γ1, Γ2, and
Γ3, whose impact parameters are denoted by b1, b2, and b3, respectively. R, M , and S denote the
triangle vertexes where the satellites or ISS/ground stations are located. For simplicity, the three
null geodesics are arranged such that the point of the closest approach corresponds to φ = pi/2,
φ = pi/2 − δ2, and φ = pi/2 + δ3, respectively. ΓR, ΓM , and ΓS denote the radial null geodesics
that connect the center O and three points R, M , and S, respectively.
Let us define the renewed total deflection angle in accordance with the above-mentioned
configuration of triangle Σ3. Because Γ1, Γ2, and Γ3 are null geodesics, the line integral of
geodesic curvature κg vanishes. One has∫
Cp
κgdt =
∫
Γp
κgdt = 0, p = 1, 2, 3. (13)
Accordingly, the Gauss–Bonnet theorem, Eq. (10), reduces to
∫∫
Σ3
Kdσ +
3∑
p=1
θp = 2π. (14)
Next, we prepare the same relation as that in Eq. (14) for the background spacetime, e.g.,
Minkowski and de Sitter spacetimes, and write the following:
∫∫
Σ3
KBGdσBG +
3∑
p=1
θBGp = 2π, (15)
where superscript BG denotes the background. Additionally, for the same reason as that in
the case of Eq. (14), the line integral of geodesic curvature κBGg is also zero.
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Rewriting the sum of the external angles, θp, using the internal angles βp, we have
3∑
p=1
θp = 3π −
3∑
p=1
βp, (16)
3∑
p=1
θBGp = 3π −
3∑
p=1
βBGp , (17)
where we used the relation θp = π− βp. Subtracting Eq. (15) from Eq. (14) and using Eqs.
(16) and (17), we obtain the following relation:
∫∫
Σ3
Kdσ −
∫∫
Σ3
KBGdσBG =
3∑
p=1
(
βp − βBGp
)
. (18)
Using the right-hand side of Eq. (18), let us define the renewed total deflection angle as
α ≡
∣∣∣∣∣
3∑
p=1
(
βp − βBGp
)∣∣∣∣∣ . (19)
Eq. (19) represents the difference in the sum of internal angles βp between two triangles. Eq.
(19) provides an instinctive and clear definition of the total deflection angle. The absolute-
value symbol in Eq. (19) indicates that we take the total deflection angle to be a positive
value.
To obtain the internal angles βp, we compute ψp, which denote the intersection angles
between the null geodesics (Γp (p = 1, 2, 3)) and radial null geodesics (ΓR ΓM , and ΓS).
Angles ψp can be calculated using the tangent formula as follows:
tanψp =
√
g¯φφ(rp)√
g¯rr(rp)
dφ
drp
=
√
f(rp)rp
dφ
drp
, p = 1, 2, 3. (20)
Using ψp, the internal angle can be calculated as
βR = ψ2(φR)− ψ1(φR), (21)
βM = ψ3(φM)− ψ2(φM) + π, (22)
βS = ψ1(φS)− ψ3(φS), (23)
where the subscripts, 1, 2, and 3, of ψ represent the intersection angle between light tra-
jectory, Γ1, Γ2, and Γ3, and radial null geodesics. Additionally, φS, φM , and φR denote the
angular coordinate values at points S, M , and R, respectively. See FIG. 2. Notably, angle
ψp is determined to be in the counterclockwise direction from the light trajectory, Γ1, Γ2,
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and Γ3 to the radial geodesics, ΓR, ΓM , and ΓS, (see FIG. 2). Notably, Eq. (20) gives angle
ψp by considering the metric, namely, the part
√
f(rp), in Eq. (20).
Using Eq. (18), the renewed total deflection angle α can be also expressed as the difference
in the areal integral of the Gaussian curvature K as
α ≡
∣∣∣∣
∫∫
Σ3
Kdσ −
∫∫
Σ3
KBGdσBG
∣∣∣∣ . (24)
We refer to Eq. (19) as the angular formula of the total deflection angle and Eq. (24) the
integral formula of the total deflection angle.
V. TOTAL DEFLECTION ANGLE IN THE SCHWARZSCHILD SPACETIME
We first examine the total deflection angle in the Schwarzschild spacetime as
fSch(r) = 1− 2m
r
, (25)
where m denotes the mass of the central (lens) object.
A. Light Trajectory
The first-order differential equation for null geodesic is given as(
drSchp
dφ
)2
= (rSchp )
2
[
(rSchp )
2
b2p
− 1 + 2m
rSchp
]
, p = 1, 2, 3, (26)
where bp denotes an impact parameter of null geodesic Γp. Changing the variable u
Sch
p =
1/rSchp , Eq. (26) becomes(
duSchp
dφ
)2
=
1
b2p
− (uSchp )2 + 2m(uSchp )3. (27)
We derive the trajectories of null geodesics Γ1, Γ2, and Γ3, three of which configure the
triangle on the optical reference geometry Mopt (see FIG. 2). In these cases, the zeroth-
order solutions are
uSch,01 =
sinφ
b1
, (28)
uSch,02 =
sin(φ+ δ2)
b2
, (29)
uSch,03 =
sin(φ− δ3)
b3
. (30)
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In accordance with the standard perturbation scheme, we express the solution uSchp = u
Sch
p (φ)
as
uSchp = u
Sch,0
p + εu
Sch,1
p + ε
2uSch,2p , (31)
where ε denotes the small dimensionless expansion parameter, which in the Schwarzschild
spacetime is ε = m/b. The terms εuSch,1p and ε
2uSch,2p denote the first O(ε) and second
O(ε2) order correction terms, respectively. Substituting Eq (31) into Eq. (27), we obtain
the second-order solution with respect to ε as
uSch1 =
sin φ
b1
+
m
2b21
(3 + cos 2φ)
+
m2
16b31
[37 sinφ+ 30(π − 2φ) cosφ− 3 sin 3φ] +O(ε3), (32)
uSch2 =
sin(φ+ δ2)
b2
+
m
2b22
[3 + cos 2(φ+ δ2)]
+
m2
16b32
{37 sin(φ+ δ2) + 30[π − 2(φ+ δ2)] cos(φ+ δ2)− 3 sin 3(φ+ δ2)}
+ O(ε3), (33)
uSch3 =
sin(φ− δ3)
b3
+
m
2b23
[3 + cos 2(φ− δ3)]
+
m2
16b33
{37 sin(φ− δ3) + 30[π − 2(φ− δ3)] cos(φ− δ3)− 3 sin 3(φ− δ3)}
+ O(ε3). (34)
The integration constants of Eqs. (32), (33), and (34) are chosen to maximize u (or minimize
r) at φ = π/2, φ = π/2− δ2, and φ = π/2 + δ3, respectively:
duSch1
dφ
∣∣∣∣
φ=pi/2
= 0,
duSch2
dφ
∣∣∣∣
φ=pi/2−δ2
= 0,
duSch3
dφ
∣∣∣∣
φ=pi/2+δ3
= 0. (35)
B. Angular Formula
We compute the total deflection angle αSch by using the angular formula, i.e., Eq. (19).
First, we calculate the intersection angles ψ between the null geodesics Γ1, Γ2, and Γ3, and
the radial null geodesics, ΓR, ΓM , and ΓS, respectively. Substituting Eqs. (26), (32), (33),
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and (34) into Eq. (20) and expanding up to the second-order with respect to ε, we have
ψSch1 = φ+
2m
b1
cosφ+
m2
8b21
[15(π − 2φ)− sin 2φ] +O(ε3), (36)
ψSch2 = φ+ δ2 +
2m
b2
cos(φ+ δ2) +
m2
8b22
[15(π − 2φ− 2δ2)− sin 2(φ+ δ2)] +O(ε3), (37)
ψSch3 = φ− δ3 +
2m
b3
cos(φ− δ3) + m
2
8b23
[15(π − 2φ+ 2δ3)− sin 2(φ− δ3)] +O(ε3). (38)
Using Eqs. (21), (22), and (23), internal angles βR, βM , and βS are given as
βSchR = δ2 +
2m
b2
cos(φR + δ2)− 2m
b1
cosφR
+
m2
8b22
[15(π − 2φR − 2δ2)− sin 2(φR + δ2)]
− m
2
8b21
[15(π − 2φR)− sin 2φR] +O(ε3), (39)
βSchM = δ3 − δ2 + π +
2m
b3
cos(φM − δ3)− 2m
b2
cos(φM + δ2)
+
m2
8b23
[15(π − 2φM + 2δ3)− sin 2(φM − δ3)]
− m
2
8b22
[15(π − 2φM − 2δ2)− sin 2(φM + δ2)] +O(ε3), (40)
βSchS = −δ3 +
2m
b1
cosφS − 2m
b3
cos(φS − δ3)
+
m2
8b21
[15(π − 2φS)− sin 2φS]
− m
2
8b23
[15(π − 2φS + 2δ3)− sin 2(φS − δ3)] +O(ε3). (41)
Because the background of the Schwarzschild spacetime is the flat Minkowski spacetime,
one has
3∑
p=1
βBGp =
3∑
p=1
βMinp = π. (42)
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Substituting Eqs. (39), (40), (41), and (42) into (19), we obtain the total deflection angle
as
αSch =
∣∣∣∣∣
3∑
p=1
(βSchp − βMinp )
∣∣∣∣∣ = π − (βSchR + βSchM + βSchS )
= 2m
[
cos φR − cosφS
b1
+
cos(φM + δ2)− cos(φR + δ2)
b2
+
cos(φS − δ3)− cos(φM − δ3)
b3
]
− m
2
4
[
sin 2φR − sin 2φS
2b21
+
sin 2(φM + δ2)− sin 2(φR + δ2)
2b22
+
sin 2(φS − δ3)− sin 2(φM − δ3)
2b23
− 15
(
φR − φS
b21
+
φM − φR
b22
+
φS − φM
b23
)]
+ O(ε3), (43)
where the sign of αSch is taken to be positive. Notably, the internal angles βp can be
measured, in principle, via actual observations using a spacecraft.
C. Integral Formula
We show that Eq. (43) can be also obtained using the integral formula, i.e., Eq. (24).
On the optical metric Eq. (5), the Gaussian curvature, i.e., Eq. (11), is given as
KSch = −2m
r3
(
1− 3m
2r
)
< 0, (44)
and the areal element dσSch becomes
dσSch = r
(
1− 2m
r
)− 3
2
drdφ. (45)
Because the background of the Schwarzschild spacetime is the flat Minkowski spacetime, the
Gaussian curvature is KMin = 0, and∫∫
Σ3
KBGdσBG =
∫∫
Σ3
KMindσMin = 0. (46)
We divide triangle Σ3, which is bounded by three geodesics Γ1, Γ2, and Γ3, into two parts,
namely, Σ3RM (φR ≤ φ ≤ φM) and Σ3MS(φM ≤ φ ≤ φS), by assuming φR < φM < φS (see
FIG. 3). Expanding up to the second order with respect to ε = m/b, the areal integral of
13
FIG. 3: Dividing triangle Σ3 into two parts. To integrate the areal integral of the Gaussian
curvature K over the triangle Σ3, we divide Σ3 into Σ3RM (φR ≤ φ ≤ φM ) and Σ3MS(φM ≤ φ ≤ φS).
Here we assume that the angular coordinates satisfy the magnitude relation, i.e., φR < φM < φS .
KSch yields the total deflection angle as
αSch =
∣∣∣∣
∫∫
Σ3
KSchdσSch −
∫∫
Σ3
KMindσMin
∣∣∣∣ = −
∫∫
Σ3
KSchdσSch
=
∫ φM
φR
∫ rSch
2
rSch
1
(
2m
r2
+
3m2
r3
)
drdφ+
∫ φS
φM
∫ rSch
3
rSch
1
(
2m
r2
+
3m2
r3
)
drdφ+O(ε3)
= 2m
[
cos φR − cosφS
b1
+
cos(φM + δ2)− cos(φR + δ2)
b2
+
cos(φS − δ3)− cos(φM − δ3)
b3
]
− m
2
4
[
sin 2φR − sin 2φS
2b21
+
sin 2(φM + δ2)− sin 2(φR + δ2)
2b22
+
sin 2(φS − δ3)− sin 2(φM − δ3)
2b23
− 15
(
φR − φS
b21
+
φM − φR
b22
+
φS − φM
b23
)]
+ O(ε3), (47)
where we take the sign of αSch to be positive. Additionally, r
Sch
1 , r
Sch
2 , and r
Sch
3 are given by
Eqs. (32), (33), and (34), respectively.
D. Limit of Infinite Source-Observer Distance
Let us confirm that Eqs. (43) and (47) can reproduce Epstein–Shapiro’s formula [34].
To this end, as shown in FIG. 4, we re-arrange the triangle such that it is symmetric with
respect to φ = π/2; we put φM = π/2, b2 = b3, and δ3 = δ2. Additionally, letting source S
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and observer R to be located at asymptotically infinite flat regions φS → π and φR → 0,
respectively, we obtain
αSch → 4m
(
1
b1
− sin δ2 + cos δ2
b2
)
+
m2
4
(
15π
b21
+
2 sin 2δ2 − 15π
b22
)
+O(ε3), (48)
where the following two terms:
−4msin δ2 + cos δ2
b2
,
m2
4
2 sin 2δ2 − 15π
b22
,
are newly appeared. However, as the two points S and R approach infinity, the impact
parameter b2 of Γ2 and Γ3 becomes infinite, i.e., b2 → ∞ (see FIG. 5). Accordingly, Eq.
FIG. 4: Symmetric triangle. We re-arrange triangle Σ3 such that it is symmetrical with respect to
φ = pi/2, and we set b2 = b3 and δ2 = δ3. The source S and observer R are located at infinity.
(48) results in
αSch → 4m
b1
+
15πm2
4b21
+O(ε3). (49)
Notably, null geodesics Γ2 and Γ3 are not the asymptotes of null geodesic Γ1.
VI. TOTAL DEFLECTION ANGLE IN THE SCHWARZSCHILD–DE SITTER
SPACETIME
Let us derive the expression for the total deflection angle and investigate the contribu-
tion of the cosmological constant Λ to the total deflection angle in the Schwarzschild–de
Sitter/Kottler spacetime [35], which is characterized as
fSdS(r) = 1− 2m
r
− Λ
3
r2, (50)
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FIG. 5: Relationship between two points S and R of triangle Σ3 and its size. This figure shows that
as the two points S and R approach infinity, the impact parameter b2 of Γ2 and Γ3 also becomes
infinite, i.e., b2 →∞.
where Λ denotes the cosmological constant.
A. Light Trajectory
The first-order differential equation for null geodesics becomes(
drSdSp
dφ
)2
= (rSdSp )
2
[
(rSdSp )
2
(
1
b2p
+
Λ
3
)
− 1 + 2m
rSdSp
]
. (51)
Here, let us introduce another constant B as
1
B2p
≡ 1
b2p
+
Λ
3
, (52)
and we rewrite Eq. (51) as
(
drSdSp
dφ
)2
= (rSdSp )
2
[
(rSdSp )
2
B2p
− 1 + 2m
rSdSp
]
, (53)
which is of the same form as Eq. (26). Therefore, up to the second order in ε = m/B instead
of ε = m/b, the equation of the light trajectory in the Schwarzschild–de Sitter spacetime
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can be expressed as of the same form of Eqs. (32), (33), and (34),
uSdS1 =
sin φ
B1
+
m
2B21
(3 + cos 2φ)
+
m2
16B31
[37 sinφ+ 30(π − 2φ) cosφ− 3 sin 3φ] +O(ε3), (54)
uSdS2 =
sin(φ+ δ2)
B2
+
m
2B22
[3 + cos 2(φ+ δ2)]
+
m2
16B32
{37 sin(φ+ δ2) + 30[π − 2(φ+ δ2)] cos(φ+ δ2)− 3 sin 3(φ+ δ2)}
+ O(ε3), (55)
uSdS3 =
sin(φ− δ3)
B3
+
m
2B23
[3 + cos 2(φ− δ3)]
+
m2
16B33
{37 sin(φ− δ3) + 30[π − 2(φ− δ3)] cos(φ− δ3)− 3 sin 3(φ− δ3)}
+ O(ε3). (56)
The equation of light trajectory in the Schwarzschild–de Sitter spacetime does not depend
on the cosmological constant Λ and impact parameter b. Using Eq. (53) and the condition
dr
dφ
∣∣∣∣
r=r0
= 0, (57)
we have following relation:
1
B2
=
1
b2
+
Λ
3
=
1
r20
− 2m
r30
, (58)
where r0 denotes the radial coordinate value at the closest approach of the light ray. In
principle, r0 can be obtained via actual measurements, as the circumference radius ℓ0 = 2πr0.
Therefore, B is calculated without knowing the value of Λ and b. However, as will be
discussed below, this does not mean that the total deflection angle is also independent of Λ.
B. Background of the Schwarzschild–de Sitter Spacetime
Before discussing the total deflection angle, let us debate the background of the
Schwarzschild–de Sitter spacetime and derive some relations.
In the case of the Schwarzschild–de Sitter spacetime, the background should be regarded
as the de Sitter spacetime instead of the Minkowski spacetime. This is because we had,
in advance, assumed the existence of non-zero cosmological constant Λ, which is not an
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integration constant as mass m. In fact, the action
S =
∫ [
c4
16πG
(R− 2Λ) + LM
]√−gd4x (59)
and the field equation
Rµν − 1
2
gµνR + Λgµν =
8πG
c4
Tµν (60)
explicitly include the cosmological constant Λ, where g = det(gµν); the term LM denotes
the Lagrangian for the matter field; Rµν and R denote the Ricci tensor and Ricci scalar,
respectively; Tµν denotes the energy-momentum tensor. Hence, the spacetime cannot reduce
to the Minkowski spacetime.
The de Sitter spacetime is characterized by
fdS(r) = 1− Λ
3
r2, (61)
and the differential equation of a light ray on the optical reference geometry Mopt becomes(
drdSp
dφ
)2
= (rdSp )
2
[(
1
b2p
+
Λ
3
)
(rdSp )
2 − 1
]
. (62)
Using Eq. (52), the light trajectories in the de Sitter spacetime are
udS1 =
sinφ
B1
, (63)
udS2 =
sin(φ+ δ2)
B2
, (64)
udS3 =
sin(φ− δ3)
B3
. (65)
Substituting Eqs. (61), (63), (64), and (65) into Eq. (20), the intersection angles ψ between
three null geodesics Γp (p = 1, 2, 3) and radial null geodesics ΓR, ΓM , and ΓS, respectively,
are computed as
ψdS1 = arctan
(√
1− ΛB
2
1
3
csc2 φ tanφ
)
= arccos
cosφ√
1− ΛB21
3
, (66)
ψdS2 = arctan
(√
1− ΛB
2
2
3
csc2(φ+ δ2) tan(φ+ δ2)
)
= arccos
cos(φ+ δ2)√
1− ΛB22
3
, (67)
ψdS3 = arctan
(√
1− ΛB
2
3
3
csc2(φ+ δ3) tan(φ− δ3)
)
= arccos
cos(φ− δ3)√
1− ΛB23
3
, (68)
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where we used the following inverse trigonometric function:
arctanφ = arccos
1√
1 + φ2
. (69)
Using Eqs. (21), (22), and (23), the sum of the internal angles, βdSp , is given by
3∑
p=1
βdSp = π
+ arccos
cosφR√
1− ΛB21
3
− arccos cosφS√
1− ΛB21
3
+ arccos
cos(φM + δ2)√
1− ΛB22
3
− arccos cos(φR + δ2)√
1− ΛB22
3
+ arccos
cos(φS − δ3)√
1− ΛB23
3
− arccos cos(φM − δ3)√
1− ΛB23
3
. (70)
Notably, the sum of the internal angles of the triangle differs from π because of the existence
of the cosmological constant Λ.
On the other hand, the Gaussian curvature and areal element are given by
KdS = −Λ
3
< 0, (71)
dσdS = r
(
1− Λ
3
r2
)− 3
2
drdφ. (72)
As in the case of the Schwarzschild spacetime, we divide triangle Σ3 into Σ3RM (φR ≤ φ ≤ φM)
and Σ3MS(φM ≤ φ ≤ φS) (see FIG. 3). Subsequently, using Eqs. (71) and (72), the areal
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integral of KdS becomes
−
∫∫
Σ3
KdSdσdS =
∫ φM
φR
∫ rdS
2
rdS
1
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ+
∫ φS
φM
∫ rdS
3
rdS
1
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ
=
∫ φM
φR

 sin(φ+ δ2)√
sin2(φ+ δ2)− ΛB
2
2
3
− sin φ√
sin2 φ− ΛB21
3

 dφ
+
∫ φS
φM

 sin(φ− δ3)√
sin2(φ− δ3)− ΛB
2
3
3
− sin φ√
sin2 φ− ΛB21
3

 dφ
= arccos
cosφS√
1− ΛB21
3
− arccos cos φR√
1− ΛB21
3
+ arccos
cos(φR + δ2)√
1− ΛB22
3
− arccos cos(φM + δ2)√
1− ΛB22
3
+ arccos
cos(φM − δ3)√
1− ΛB23
3
,− arccos cos(φS − δ3)√
1− ΛB23
3
(73)
where we used the following pseudo-elliptic integral, which is provided on p. 205 in [36];∫
sinφ√
a2 sin2 φ− 1
dφ = −1
a
arcsin
a cosφ√
a2 − 1 , a
2 > 1, (74)
and the following inverse trigonometric function:
arcsinφ+ arccosφ =
π
2
. (75)
Eqs. (70) and (73) are calculated without any approximation with respect to Λ.
Before concluding this subsection, we give some comments. The sum of the internal
angles of the triangle in the de Sitter spacetime differs from π because of the non-zero
Gaussian curvature KdS = −Λ/3. Accordingly, the value of the cosmological constant Λ
may be obtained by taking the difference between
∑3
p=1 β
dS
p and π. However, as indicated
previously, if we consider the existence of non-zero cosmological constant in the context of
the Schwarzschild–de Sitter spacetime, then the de Sitter spacetime should be adopted as
the background instead of the Minkowski spacetime. In fact, the Schwarzschild–de Sitter
spacetime can be considered the distorted de Sitter spacetime because of massm (see section
14.4 in [37])
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C. Angular Formula
First, we obtain angle ψ. We wish to express ψSdS as
ψSdSp = ψ
dS
p +O(m,m2, mΛ) terms, (76)
where ψdSp (p = 1, 2, 3) are given by Eqs. (66), (67), and (68), respectively.
To calculate the correction term O(m,m2, mΛ), we first set the small dimensionless ex-
pansion parameter ε as ε = m/B. Subsequently, using Eqs. (50), (53), (54), (55), and
(56) we expand Eq. (20) up to the second order in ε = m/B and obtain the following
approximate expression:
ψSdS1 = arccos
cosφ√
1− ΛB21
3
+
2m cosφ
B1
√
1− ΛB21
3
csc2 φ
+
m2{2(15(π − 2φ)− sin 2φ]− ΛB21 csc2 φ(30π − 60φ+ 23 cotφ+ 9 cos 3φ cscφ)}
16B21
(
1− ΛB21
3
csc2 φ
) 3
2
+ O(ε3), (77)
ψSdS2 = arccos
cos(φ+ δ2)√
1− ΛB22
3
+
2m cos(φ+ δ2)
B2
√
1− ΛB22
3
csc2(φ+ δ2)
+
m2
16B22
[
1− ΛB22
3
csc2(φ+ δ2)
] 3
2
(2{15[π − 2(φ+ δ2)]− sin 2(φ+ δ2)}
− ΛB22 csc2(φ+ δ2)[30π − 60(φ+ δ2) + 23 cot(φ+ δ2) + 9 cos 3(φ+ δ2) csc(φ+ δ2)]
)
+ O(ε3), (78)
ψSdS3 = arccos
cos(φ− δ3)√
1− ΛB23
3
+
2m cos(φ− δ3)
B3
√
1− ΛB23
3
csc2(φ− δ3)
+
m2
16B23
[
1− ΛB23
3
csc2(φ− δ3)
] 3
2
(2{15[π − 2(φ− δ3)]− sin 2(φ− δ3)}
− ΛB23 csc2(φ− δ3)[30π − 60(φ− δ3) + 23 cot(φ− δ3) + 9 cos 3(φ− δ3) csc(φ− δ3)]
)
+ O(ε3). (79)
Note that at this stage, we do not adopt ε = ΛB2 as the small dimensionless expansion
parameter. The first terms in the first lines of Eqs. (77), (78), and (79) are equal to ψdS1 ,
ψdS2 , and ψ
dS
3 , respectively (see Eqs. (66), (67), and (68)).
Next, expanding O(m) and O(m2) terms in Eqs. (77), (78), and (79) with respect to
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ε = ΛB2 and the remaining O(m/B, (m/B)2, (m/B) · ΛB2) terms, we have
ψSdS1 = ψ
dS
1 +
2m
B1
cosφ+
m2
8B21
[15(π − 2φ)− sin 2φ]
+
ΛmB1
3
cotφ cscφ+O(ε3), (80)
ψSdS2 = ψ
dS
2 +
2m
B2
cos 2(φ+ δ2) +
m2
8B22
{15[π − 2(φ+ δ2)]− sin 2(φ+ δ2)}
+
ΛmB2
3
cot(φ+ δ2) csc(φ+ δ2) +O(ε3), (81)
ψSdS3 = ψ
dS
3 +
2m
B3
cos(φ− δ3) + m
2
8B23
{15[π − 2(φ− δ3)]− sin 2(φ− δ3)}
+
ΛmB3
3
cot(φ− δ3) csc(φ− δ3) +O(ε3), (82)
where the residual termsO(ε3) areO((m/B)3, (m/B)2·ΛB2, (m/B)·(ΛB2)2). Notably, ψSdS1 ,
ψSdS2 , and ψ
SdS
3 comprise the terms characterized by the cosmological constant Λ, namely
ψdS1 , ψ
dS
2 , and ψ
dS
3 . However as we will see below, the terms ψ
dS
1 , ψ
dS
2 , and ψ
dS
3 are eliminated
from the expression of the total deflection angle αSdS.
Using Eqs. (19), (21), (22), (23), (70), (80), (81), and (82), the total deflection angle
becomes
αSdS =
∣∣∣∣∣
3∑
p=1
(βSdSp − βdSp )
∣∣∣∣∣ = (βdSR + βdSM + βdSS )− (βSdSR + βSdSM + βSdSS )
= 2m
[
cosφR − cosφS
B1
+
cos(φM + δ2)− cos(φR + δ2)
B2
+
cos(φS − δ3)− cos(φM − δ3)
B3
]
− m
2
4
[
sin 2φR − sin 2φS
2B21
+
sin 2(φM + δ2)− sin 2(φR + δ2)
2B22
− sin 2(φM − δ3)− sin 2(φS − δ3)
2B23
− 15
(
φR − φS
B21
+
φM − φR
B22
− φM − φS
B23
)]
+
ΛB1m
3
cotφR csc φR − ΛB1m
3
cotφS cscφS.
+
ΛB2m
3
cot(φM + δ2) csc(φM + δ2)− ΛB2m
3
cot(φR + δ2) csc(φR + δ2)
+
ΛB3m
3
cot(φS − δ3) csc(φS − δ3)− ΛB3m
3
cot(φM − δ3) csc(φM − δ3) +O(ε3). (83)
In Eq. (83), the second to fourth lines correspond to the Schwarzschild-like part and the
fifth to seventh lines are order O(mΛ) terms due to the cosmological constant Λ. The
contribution of the cosmological constant Λ appears as O(Λm) instead of O(Λ/m). Because
ψSdSp can be expressed as Eq. (76), ψ
dS
1 , ψ
dS
2 , and ψ
dS
3 are completely eliminated from in αSdS.
Therefore, αSdS does not include the terms described solely by the cosmological constant Λ.
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D. Integral Formula
We compute the total deflection angle αSdS using the integral formula. As in the case of
the angular formula, we represent the areal integral of the Gaussian curvature KSdS as
−
∫∫
Σ3
KSdSdσSdS = −
∫∫
Σ3
KdSdσdS +O(m,m2, mΛ) terms, (84)
where the areal integral of KdS is given by Eq. (73).
The Gaussian curvature KSdS in the Schwarzschild–de Sitter spacetime becomes
KSdS = −2m
r3
(
1− 3m
2r
+
Λ
6m
r3 − Λr2
)
< 0, (85)
and the areal element dσSdS is given by
dσSdS = r
(
1− 2m
r
− Λ
3
r2
)− 3
2
drdφ, (86)
Similar to the same way in which Eqs. (47) and (70) are integrated, we construct triangle
Σ3, which is bounded by three geodesics Γ1, Γ2, and Γ3, and divide the triangle Σ
3 into
Σ3RM (φR ≤ φ ≤ φM) and Σ3MS(φM ≤ φ ≤ φS) (see FIG. 3).
Before integrating the areal integral of the Gaussian curvature over the triangle Σ3, we
approximate the integrand of the areal integral up to the second order in ε = m/B as follows:
−
∫∫
Σ3
KSdSdσSdS =
∫∫
Σ3
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ
+
∫∫
Σ3

m[6 − Λr
2(5− 2Λr2)]
3r2
(
1− Λ
3
r2
) 5
2
+
m2[18− Λr2(21− 10Λr2)]
6r3
(
1− Λ
3
r2
) 7
2

 drdφ
+ O(ε3). (87)
Note that at this stage in Eq. (87), ε = ΛB2 is not treated as a small dimensionless expansion
parameter.
The first term in the right-hand side of Eq. (87) has the same form as that of Eq. (73)
in the de Sitter spacetime. However, the light trajectory r is rSdSp instead of r
dS
p . Let us
compute the first term of Eq. (87). Substituting Eqs. (54), (55), and (56) into the first
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term of Eq. (87), integrating over r, and remaining ε = m/B order terms, we have
∫∫
Σ3
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ
=
∫ φM
φR
∫ rSdS
2
rSdS
1
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ+
∫ φS
φM
∫ rSdS
3
rSdS
1
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ
=
∫ φM
φR
[(
1− Λ
3
r2
)− 1
2
]rSdS
2
rSdS
1
dφ+
∫ φS
φM
[(
1− Λ
3
r2
)− 1
2
]rSdS
3
rSdS
1
dφ
= −
∫∫
Σ3
KdSdσdS
−
∫ φM
φR

ΛB2m[3 + cos 2(φ+ δ2)] csc
3(φ+ δ2)
6
(
1− Λ
3
B22 csc
2(φ+ δ2)
) 3
2
− ΛB1m(3 + cos 2φ) csc
3 φ
6
(
1− Λ
3
B21 csc
2 φ
) 3
2

 dφ
−
∫ φS
φM

ΛB3m[3 + cos 2(φ− δ3)] csc
3(φ− δ3)
6
(
1− Λ
3
B23 csc
2(φ− δ3)
) 3
2
− ΛB1m(3 + cos 2φ) csc
3 φ
6
(
1− Λ
3
B21 csc
2 φ
) 3
2

 dφ
+ O(ε2). (88)
where ε = ΛB2 is also not still considered a small dimensionless expansion parameter.
Next, expanding the fifth and sixth lines in Eq. (88) with respect to ε = ΛB2 and remaining
O((m/B) · ΛB2) terms, we have
∫∫
Σ3
Λ
3
r
(
1− Λ
3
r2
)− 3
2
drdφ
= −
∫∫
Σ3
KdSdσdS
+
ΛB1m
3
cotφR csc φR − ΛB1m
3
cotφS csc φS.
+
ΛB2m
3
cot(φM + δ2) csc(φM + δ2)− ΛB2m
3
cot(φR + δ2) csc(φR + δ2)
+
ΛB3m
3
cot(φS − δ3) csc(φS − δ3)− ΛB3m
3
cot(φM − δ3) csc(φM − δ3) +O(ε3), (89)
where O(ε3) = O((m/B)3, (m/B)2 · ΛB2, (m/B) · (ΛB2)2). Subsequently, we expand the
integrand of the second line in Eq. (87) with respect to ε = ΛB2 remaining the order
O((m/B)2, (m/B) · ΛB2) terms. One has
∫∫
Σ3

m[6− Λr
2(5− 2Λr2)]
3r2
(
1− Λ
3
r2
) 5
2
+
m2[18− Λr2(21− 10Λr2)]
6r3
(
1− Λ
3
r2
) 7
2

 drdφ
=
∫∫
Σ3
(
2m
r2
+
3m2
r3
)
drdφ+O(ε3), (90)
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which is of the same form as Eq. (47) andO(ε3) = O((m/B)3, (m/B)2·ΛB2, (m/B)·(ΛB2)2).
In this approximation, the order O(mΛ) terms are eliminated from the integrand of Eq. (90).
Integrating Eq. (90) gives∫∫
Σ3
(
2m
r2
+
3m2
r3
)
drdφ
=
∫ φM
φR
∫ rSdS
2
rSdS
1
(
2m
r2
+
3m2
r3
)
drdφ+
∫ φS
φM
∫ rSdS
3
rSdS
1
(
2m
r2
+
3m2
r3
)
drdφ
= 2m
[
cosφR − cosφS
B1
+
cos(φM + δ2)− cos(φR + δ2)
B2
+
cos(φS − δ3)− cos(φM − δ3)
B3
]
− m
2
4
[
sin 2φR − sin 2φS
2B21
+
sin 2(φM + δ2)− sin 2(φR + δ2)
2B22
− sin 2(φM − δ3)− sin 2(φS − δ3)
2B23
− 15
(
φR − φS
B21
+
φM − φR
B22
− φM − φS
B23
)
+O(ε3),(91)
which corresponds to the Schwarzschild-like part given in Eqs. (43) and (47).
Substituting Eqs. (88), (89), and (91) into Eq. (87) and applying to Eq. (24), we have
αSdS =
∣∣∣∣
∫∫
Σ3
KSdSdσSdS −
∫∫
Σ3
KdSdσdS
∣∣∣∣
= 2m
[
cosφR − cosφS
B1
+
cos(φM + δ2)− cos(φR + δ2)
B2
+
cos(φS − δ3)− cos(φM − δ3)
B3
]
− m
2
4
[
sin 2φR − sin 2φS
2B21
+
sin 2(φM + δ2)− sin 2(φR + δ2)
2B22
− sin 2(φM − δ3)− sin 2(φS − δ3)
2B23
− 15
(
φR − φS
B21
+
φM − φR
B22
− φM − φS
B23
)]
+
ΛB1m
3
cotφR csc φR − ΛB1m
3
cotφS cscφS.
+
ΛB2m
3
cot(φM + δ2) csc(φM + δ2)− ΛB2m
3
cot(φR + δ2) csc(φR + δ2)
+
ΛB3m
3
cot(φS − δ3) csc(φS − δ3)− ΛB3m
3
cot(φM − δ3) csc(φM − δ3) +O(ε3). (92)
Eq. (92) completely agrees with Eq. (83).
E. Contribution of the Cosmological Constant and its Observability
Let us investigate how the cosmological constant Λ contributes to the total deflection
angle, and its observability.
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Using Eqs. (83) and (92), we extract the part of the order O(Λm) terms and set
αΛSdS =
ΛB1m
3
cotφR csc φR − ΛB1m
3
cotφS csc φS.
+
ΛB2m
3
cot(φM + δ2) csc(φM + δ2)− ΛB2m
3
cot(φR + δ2) csc(φR + δ2)
+
ΛB3m
3
cot(φS − δ3) csc(φS − δ3)− ΛB3m
3
cot(φM − δ3) csc(φM − δ3). (93)
We observe that the cosmological constant Λ contributes to the total deflection angle, and
that the leading terms have a form of O(Λm) instead of O(Λ/m). Furthermore, the terms
characterized only by the cosmological constant Λ do not appear in the expression of the
total deflection angle αSdS (see Eqs. (70) and (73)). This is because angle ψ
SdS and the areal
integral of Gaussian curvature KSdS can be expressed as Eqs. (76) and (84); therefore, the
terms are completely eliminated, as seen in Eqs. (83) and (92).
Let us discuss the observability of the cosmological constant Λ to the total deflection
angle. We assume Λ ≈ 10−52 m−2 and consider the sun m⊙ = GM⊙/c2 and typical galaxy
mgal ≈ 1012GM⊙/c2 as the lens objects, where G = 6.674 × 10−11 m3 · kg−1 · s−2 denotes
the Newtonian gravitational constant, c = 3.0 × 108 m2 the speed of light in vacuum,
and M⊙ = 2.0 × 1030 kg the mass of the sun. Additionally, we employ the radius of
sun and galaxy as the impact parameters b1 ≈ b⊙ ≈ B⊙ ≈ R⊙ = 6.960 × 108 m and
b1 ≈ bgal ≈ Bgal ≈ Rgalaxy ≈ 5.0× 104 ly ≈ 5× 1020 m, respectively.
When the lens object is the sun, we observe
4m⊙
B⊙
≈ 8.5× 10−6, 15πm
2
⊙
4B2⊙
≈ 5.3× 10−11, ΛB⊙m⊙
3
≈ 3.3× 10−41, (94)
where the unit is in rad (radian). The order of the contribution of the cosmological constant
αΛSdS is O(10−41) rad. Even if we consider the cotφ cscφ term, αΛSdS is only O(10−36) at
most where we assumed that observer R and source S are located at the position of Earth
and its opposition, i.e., φR = arcsinB⊙/(1.5 × 1011), and φS = π − arcsinB⊙/(1.5 × 1011),
respectively.
However, when the lens object is the galaxy, we observe
4mgal
Bgal
≈ 1.2× 10−5, 15πm
2
gal
4B2gal
≈ 1.0× 10−10, ΛBgalmgal
3
≈ 2.5× 10−17. (95)
Accordingly, αΛSdS is α
Λ
SdS ≈ O(10−17) and mostly three orders of magnitude smaller than the
sensitivity of the angle observed in planned space missions (such as LATOR), 0.01 picorad =
10−14 rad (see FIG. 3 in [26]).
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However, because of the cotφ cscφ term, αΛSdS rapidly increases when source S and receiver
R reach the de Sitter horizon r → rΛ =
√
3/Λ ≈ 1.73 × 1026 m, where we estimated the
angular coordinate of the de Sitter horizon as φΛ = arcsin(Bgal/rΛ) ≈ 3.0 × 10−6, and
suppose triangle Σ3 to be symmetrical with respect to φ = π/2 (see Figs. 4 and 5). Let
source S and receiver R located in a symmetrical position near the de Sitter horizon with
φS = φΛ and φR = π − φΛ. Furthermore, because of the same reason as that in Eq. (49),
S and R approach the de Sitter horizon, and b2 = b3 also approaches the de Sitter horizon,
i.e., b2 = b3 → rΛ. However, it is reasonable to set
cot(π/2− δ2) csc(π/2− δ2) = − cot(π/2 + δ2) csc(π/2 + δ2) ≃ O(1) (96)
cot(φΛ + δ2) csc(φΛ + δ2) ≃ cot δ1 csc δ2 ≃ O(10) ∼ O(102) (97)
cot(π − φΛ − δ2) csc(π − φΛ − δ2) ≃ cot(π − δ2) csc(π − δ2) ≃ O(10) ∼ O(102), (98)
where we assumed 5 . δ2 . 30 degree. Then, we can estimate as
Λb2mgal
3
cot(π/2 + δ2) csc(π/2 + δ2) = −Λb2mgal
3
cot(π/2− δ2) csc(π/2− δ2) ≃ 10−11,
(99)
Λb2mgal
3
cot δ2 csc δ2 = −Λb2mgal
3
cot(π − δ2) csc(π − δ2) ≃ 10−10 ∼ 10−9. (100)
Accordingly, αΛSdS can be evaluated as
αΛSdS ≈ −5.9× 10−6 rad, (101)
which is almost half the value of the Schwarzschild part. Hence, if both source S and receiver
R are located near the de Sitter horizon, we may be able to detect the contribution of the
cosmological constant Λ to the total deflection angle.
VII. SUMMARY AND CONCLUSIONS
Assuming a static and spherically symmetric spacetime, we proposed a new concept of
the total deflection angle of a light ray in curved spacetime. The concept is defined by the
difference between the sum of internal angles of two triangles; one of them lies on curved
spacetime distorted by a gravitating body and the other on the background spacetime. Our
new definition of the total deflection angle is geometrically and intuitively clear. The triangle
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used to define the total deflection angle was realized by setting three laser-beam baselines
(i.e., three null geodesics) in the space, inspired from planned space missions, including
, LATOR, ASTROD-GW, and LISA. Accordingly, our new total deflection angle can be
calculated by measuring the difference between the sum of the internal angles of both the
triangles. Two formulas were presented to calculate the total deflection angle, in accordance
with the Gauss–Bonnet theorem. It was shown that in the case of the Schwarzschild space-
time, the expression of the total deflection angle reduced to Epstein–Shapiro’s formula when
the source of the light ray, S, and observer R were located in an asymptotically flat region.
Additionally, in the case of the Schwarzschild–de Sitter spacetime, the total deflection angle
was represented by the Schwarzschild-like part and the coupling terms of the central mass
m and cosmological constant Λ as the form of O(Λm) instead of O(Λ/m). Furthermore,
the expression for the total deflection angle did not include the terms characterized solely
by the cosmological constant Λ.
When the lens object was the sun, the magnitude of the contribution of the cosmological
constant to the total deflection angle was αΛSdS ≃ O(10−36). Accordingly, it was extremely
difficult to detect the contribution. However, if the galaxy was the lens object, the contri-
bution of the cosmological constant was approximately αΛSdS ≃ O(10−17), which is mostly
three orders of magnitude smaller than the sensitivity 0.01 picorad = 10−14 rad observed in
planned space missions such as LATOR. However, when the source of the light ray, S, and
the observer R reached the de Sitter horizon, αΛSdS became α
Λ
rmSdS ≃ −5.9×10−6 rad, which
is almost half of the Schwarzschild part. Therefore, in future, studying gravitational lensing
may provide new insights into the cosmological constant.
Gravitational lensing may pave the way to solving the cosmological constant problem.
However, further extensions and improvements are required to apply our new total deflection
angle to the gravitational lensing effect. This is because one must arrange the polygons such
that the singularity of the central object is successfully incorporated into the gravitational
lensing equation. This is an issue we need to address.
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